§1. Introduction and description of the proof
In continuation with our previous works [MP1, 2, 4] , we study the wedge removability of metrically thin singularities of CR functions and its application to the local extendability of CR-meromorphic functions in higher codimension.
a. Removable singularities. Let M be a connected smooth CR generic manifold in C m+n with dim CR M = m ≥ 1, codim R M = n ≥ 1 and dim R M = 2m + n. Let H κ denote Hausdorff κ-dimensional measure, κ ≥ 0. Our main result is :
Theorem 1.1. Supppose M is C 4,α -smooth, 0 < α < 1. Then every closed subset E of M such that M and M \E are globally minimal and such that H 2m+n−2 (E) = 0 is W-and L 1 -removable.
The hypersurface case follows from works of Lupacciolu, Stout, Chirka, Jöricke and others, with weaker regularity assumption, M being C 2 , C 1 or even a Lipschitz graph (see [LS] , [CS] ). Recently, many removability results have been established in case the singularity E is a submanifold (see [LS] , [CS] , [Sto] , [J2] , [M2] , [P] , [MP1, 2, 4] , [JS] ) and Theorem 1.1 appears to answer one of the last open question in the subject. We recall that L 1 -removability follows quite generally from Wremovability (see especially Proposition 2.11 in [MP1] ). But the L 1 -removability case is already proved elsewhere differently (Theorem 3.1 in [MP4] , with M C 3 -smooth instead, which is better) and also the W-removability case, assuming that M is real analytic (see [MP2] , Theorem 5.1, with M C ω and H 2m+n−2 (E) = 0). In both proofs, after applying the normal deformations of analytic discs due to Tumanov (see [Tu1] ), we came to the following partial regularity property, a "curved version" of a classical theorem of Hartogs. Let Ω ⊂ C m+n be a domain equipped with a smooth foliation F by holomorphic curves. Further let E 1 ⊂ Ω be a closed union of F -leaves.
Theorem. ([MP2]; [MP4], Theorem 1.2). A function F ∈ O(Ω\E 1 ) extends holomorphically to Ω as soon as F extends to an open subset Ω
′ of Ω which intersects every leaf contained in E 1 in each one of the following circumstances:
1. F is C ω and H 2m+2n−1 (E 1 ) = 0.
F is C
2 , F ∈ L 1 (Ω) and H 2m+2n (E 1 ) = 0.
b. Discussion. Here, in the applications of this statement to our two previous versions of Theorem 1.1, the set Ω is a local small wedge and the set E 1 is obtained as a certain union of pieces of analytic discs attached to M whose boundaries intersect E ⊂ M . It appears that dim H κ (E 1 ) = 1 + n + dim H κ (E), ∀ κ, whence H 2m+2n−1 (E 1 ) = 0. We believe that part 2 above remains true without the growth condition F ∈ L 1 (D), but we have no proof of it, so we will proceed differently to get Theorem 1.1. But quite generally, it would be interesting to search for analogues of many classical theorems about partial algebraicity, analyticity or meromorphicity results in the spirit of Hartogs, Rothstein, Shiffman, mixed with removable singularity problems. We shall address this question in a subsequent paper.
Following the book of Boggess [Bo] for the construction of discs and [MP1] for the arguments about envelope of holomorphy, Dinh and Sarkis also obtained Theorem 1.1 in case M is C 3 and Levi-nondegenerate (i.e. the convex hull of the image of the Levi-form has nonempty interior). This is a strong assumption about the local CR geometry of M . In particular, the CR dimension must satisfy m ≥ 2 in [DS] . In their construction, they use the classical deformations of the center of analytic discs which hold, more generally, under the Bloom-Graham's finite type assumption after the work of Boggess and Pitts [BP] (cf. also [G] ). Such deformations are impossible in the minimal case, because for instance a minimal CR-generic M can contain arbitrarily large pieces of a Levi-flat plane C m × R n (see Remark 6.1).
c. Description of the proof. However, we shall show how to provide some local C 4,α -smooth gluing of a fixed "half" M − of M , divided in two open parts M − and M + by a one-codimensional generic C 4,α submanifold M 1 ⊂ M , with another "half" N + a of a family N a ⊃ M 1 of C 4,α CR-generic manifolds, smoothly parametrized by a ∈ R n close to 0. Denote by M a the result of this gluing. The goal is to recover more flexibility for attached analytic discs. Such a strategy is allowed because we can suppose after reduction (as in Lemma 2.3 of [MP1] ) that E is contained in only one "half" of M at a point 0 ∈ M , say the side M − of M divided locally by M 1 . After curving M 1 slightly, we can even assure that M + ∩ E = {0}. Furthermore, it is easy to deduce from [MP1] that CR functions on M + extend holomorphically to a "half-wedge" W + at 0, big enough to contain all "half-parts" N + a of the M a 's (we would like to mention that more general results about wedge extendability on CR manifolds with boundaries have been established by Tumanov in [Tu3] ). We can now describe our main technical constructions in two propositions below. Let ζ = ξ + iη belong to the unit disc ∆ in C. 
Remarks. (1) = 0, so we need at least second order differentiation to fulfill a condition like (2) above along the ξ-axis at 1 ∈ b∆.
2. For our families of analytic discs we thus obviously need at least the C 3 -smoothness with respect to all parameters and variables. According to Tumanov's optimal solution of Bishop's equations in the C k,α classes (k ≥ 1, 0 < α < 1), the discs are
Therefore, at best, we could work in C 3,α with α > 0. However, to simplify the construction of a family A a satisfying (2) above, we shall in fact introduce another parameter c > 0, whence a family A c,a , and show that as c → 0 (which corresponds to taking a derivative with respect to c), (2) will hold. This is why we need smoothness (3, α) + (1, 0) = (4, α).
3. To fix notation, instead of writing C 4,α−0 , we shall write C 4,β in the sequel, where 0 < β < α is arbitrary. Now, after applying the normal deformations constructed in [Tu1] and [MP1] :
are linearly independent at (a, t, λ, ζ) = (0, 0, 0, 1).
Remark. Geometrically, this rank property entails that the union a,t,λ,δ A a,t,λ (δ), as δ ∈ R ∩ ∆ varies near 1, covers a full-dimensional cone whose aperture is linear along the 2m+n-dimensional space C m w ×R n y and quadratic along the n-dimensional space R n x (see §7). As the A a,t,λ are attached to M , and T 0 M = C m w × R n x , we have ∂y a,t,λ ∂η (1) = 0, hence ∂x a,t,λ ∂ξ (1) = 0 for all (a, t, λ), and because of this, we can cover at most a 2m + n-dimensional linear cone by deformations of discs. To get a full dimensional cone, higher order deformations where thus necessary.
Granted this proposition, we will further add a last "translation parameter" p varying in M near 0 to get a family A a,t,λ,p of discs with A a,t,λ,p (1) = p and to cover a wedge. Of course, for fixed a, these discs will provide a wedge attached to M a , but as a shall in fact vary, M a shall also vary, and thus, there is no fixed manifold to which a wedge is attached. Fortunately, as M a ∩ M − ≡ M − is stable, we get an half-wedge attached to M − anyway. Finally, using a slightly richer family we will show that the union of such discs passing through a fixed point q in a small half-wedge W − p attached to M − will have their boundaries which foliate a neighborhood of 0 in M . Consequently, we can choose a disc passing through such a point q ∈ W − whose boundary avoids E and we get that M − is W-removable. It remains to remove 0 (since bM − ∩ E = {0}), which follows from Theorem 4 (i) in [MP1] . This ends up the description of the proof.
d. CR-meromorphic functions. Let f be a CR-meromorphic function in the sense of Harvey and Lawson (see [HL] , [Sa] , [DS] , [MP2] ). According to an observation of Sarkis based on a counting dimension argument, the indeterminacy set Σ f of f is a closed subset of empty interior in a two-codimensional scarred submanifold of M and its scar set is always metrically thin : H 2m+n−2 (Sc(Σ f )) = 0 (see [Sa] , [MP2] ). Moreover, outside Σ f , f defines a CR current in some suitable projective chart, hence it enjoys all the extendability properties of an usual CR function or distribution. However, the complement M \Σ f need not be globally minimal if M is, and it is easy to construct manifolds M and closed sets E ⊂ M with H 2m−1 (E) < ∞ (m = dim CR M ) which perturb global minimality (see [MP1] , p. 811). It is therefore natural to make the additional assumption that M is minimal (locally) at every point, which seems to be the weakest one which insures that M \E is globally minimal for arbitrary closed sets E ⊂ M (even with a bound on their Hausdorff dimension). Finally, under these circumstances, the set Σ f will be W-removable: for its regular part Reg(Σ f ), this already follows from Theorem 4 (ii) in [MP1] and for its scar set Sc(Σ f ), this follows from Theorem 1.1 above. In summary, it will suffice to prove the following simpler statement: We show here how to reduce the removal of a single point p ∈ E as in Theorem 2.2 above to a typical situation where the singularity E lies behind a "wall" in M , i.e. in one side of a one-codimensional generic submanifold p ∈ M 1 ⊂ M . Whereas this "wall" is unnecessary for the proof given in [MP4] or in [DS] , its construction will be essential to achieve the proof of Theorem 2.2, especially to achieve the quadratic deformations of analytic discs by means of gluing half-manifolds.
Thus, let p ∈ E = ∅ be an arbitrary point and let γ be a piecewise differentiable CR-curve linking p with a point q ∈ M \E (such a γ exists because M and M \E are globally minimal by assumption). After shortening γ, we may suppose that {p} = E ∩ γ and that γ is a smoothly embedded segment. Therefore γ can be described as the integral curve of some nonvanishing C 3,α CR vector field L defined in a neighborhood of p. Then a standard argument using the dynamical flow of L and a one-parameter family of real (2m + n − 1)-dimensional ovaloids B t which are streched along the flow lines of L in M and centered at a point q ∈ γ\E close to p (see [MP1] , Lemma 2.3) shows that we can take as the wall M 1 a piece of the boundary of the first ovaloid B t 1 which happens to touch E at a point p 1 . Furthermore, B t 1 is generic at this point p 1 (by construction of the ovaloids). In this case, as the flow of L is C 3,α -smooth, B t 1 is only C 3,α . Afterwards, it remains to restart the process in a local chart for (M, p 1 ) with new C 4,α ovaloids B ′ t . Clearly, as M 1 is generic at p 1 , the union U p 1 ∪ (M \E) is globally minimal. Furthermore, after curving a little bit M 1 quadratically and tangentially to M 1 in the M + side, we can (and we will) assume that
In conclusion, it suffices to remove a point which is arranged locally as follows.
Theorem 3.1. Let p 1 ∈ E and assume that there exists a 
, and such that T 0 M 1 = {y = 0, u 1 = 0}. In these coordinates, there exists C 4,α vectorial functions such that the local cartesian equations of M and M 1 are given by y = h(w, x) and y = h(w, x), u 1 = k(v 1 , w 2 , . . . , w m , x) respectively. Here, h(0) = 0, dh(0) = 0, k(0) = 0 and dk(0) = 0. Let us denote shortly w ′ := (w 2 , . . . , w m ). In the sequel, all considerations will be purely local and restricted to a small open neighborhood of p 1 (= 0 in these coordinates), still denoted by M . §4. Holomorphic extension to a half-wedge
In these coordinates, we consider a small "round disc" attached to M depending on a small real parameter c > 0. This disc is simply given by
and where x c is constructed as the solution of Bishop's equation x c = −T 1 (h(w c , x c )) and y c = T 1 x c . We shall add many more parameters to this one-parameter family of discs. Recall that all such families are of class C 4,β (see [Tu2] ), because h is C 4,α . It is easy to check that for c > 0 sufficiently small, A c (b∆\{1}) ⊂ M + and dA(e iθ ) dθ | θ=0 ∈ T 0 M 1 (see Lemma 2.4 in [MP1] ; more precisely, the order of contact of A c (b∆) with T 0 M 1 equals 2, not more). At the very end of the proof, to achieve analytic isotopies, it will be convenient to add a small parameter d > 0 to our discs: A d,c (ζ) is the disc with w d,c (ζ) = (c − dζ, 0, . . . , 0). Letting d → 0, we can thus isotope the disc to the point (c, 0, . . . , 0, 0, h(c, 0, 0)). But meanwhile, we still simply denote A c,c by A c . 
Remark. It is easy to see that a half-wedge can be described as a side of the intersection of a wedge with a C 4,β hypersurface H 1 transversal to M with H 1 ∩M = M 1 . Indeed, we also assume that the smoothness of C(p) holds up to its own boundary. Now, we fix a neighborhood ω of M \E. If we choose a C 4,β hypersurface H 1 which intersects M transversely along M 1 , then H 1 divides ω into two parts ω − and ω
Proposition 4.2. Holomorphic functions in ω + extend holomorphically to a halfwedge at p 1 .
Remarks. 1. This proposition holds in fact for M of class C 2,α , 0 < α < 1. 2. Here, we do not use holomorphicity in ω − . In fact, Proposition 4.2 is a kind of envelope of holomorphy result in the context of generic manifolds with boundary in the spirit of [Tu3] . It is almost formulated and proved in [MP1] .
Proof. We fix c > 0 small enough in order that the order of contact of A c (b∆) with T 0 M 1 equals 2 exactly. We denote by |·| the usual real euclidean norm. To construct this holomorphic extension to a half-wedge, we shall develope our family A c by adding normal deformations A c,t into ω near A c (−1) ∈ ω + and certain complex tangential deformations A c,t,λ with A c,t,λ (1) = 0 and finally a "translation" A c,t,λ,p of these discs, i.e. satisfying A c,t,λ,p (1) = p (see Proposition 2.6 in [MP1] ). Here, the parameters of this family are: t ∈ R n , λ ∈ R 2m−1 , and p ∈ M close to 0. In fact, all parameters of subsequent discs in this article will run in small open balls centered at the origin. To lighten the presentation, we will not give any name to these balls. Recall
with values in the unit tangent bundle ST 0 M equals 2m + n − 1, i.e. is maximal. Consequently, by the implicit function theorem, there exists a (2m
passing through the origin with the property that
for all (t, λ, p) ∈ K and such that for fixed p, the rank of the C 3,β map
with values in the unit tangent bundle ST p M 1 equals 2m+n−2, i.e. is maximal. As the order of contact of A c (b∆) with T 0 M 1 is equal to 2, we deduce from (4.4) that A c,t,λ,p (b∆\{1}) ⊂ M + for all (t, λ, p) ∈ K (after perharps shrinking the domain K of range of these parameters).
We are now in position to define our half-wedge. First, the fibers
3,β manifolds of dimension 2m+n−2. This is too much to define a wedge, so we choose a (2m + 2n − 2)-dimensional submanifold K 1 ⊂ K passing through 0 with the property that
3,β manifold of dimension n − 1 and such that the convex hull of the set of vectors
To define our half-wedge properly, we finally "translate" (inside M + along the positive u 1 -axis) our discs A c,t,λ,p with (t, λ, p) ∈ K 1 as follows. Precisely, if our disc has coordinates (w c,t,λ,p , z c,t,λ,p ), then for u 1 > 0 we define the disc A c,t,λ,p,u 1 with w-component w c,t,λ,p,u 1 := w c,t,λ,p + (u 1 , 0, . . . , 0) and z-component z c,t,λ,p,u 1 satisfying the corresponding Bishop equation. It is easy to check that for all small u 1 > 0, we have A c,t,λ,p,u 1 (b∆) ⊂ M + and that the set (4.6)
provides a half-wedge with respect to M 1 at 0, thanks to property (4.5). Clearly, the cone C(p) of Definition 4.1 corresponds here to the fiber K 1 p . We also remark that the total dimension of all the parameters appearing in (4.6) equals 2m + 2n exactly. In order to propagate holomorphic extension of H(ω + ) to W + , after we have shown that our discs A c,t,λ,p,u 1 are analytically isotopic to a point in ω + , we can reason as in [MP1] , pp. 840-841 for the single-valued extension, because the map
is one-to-one. But to construct isotopies is very simple: it suffices to add in advance the supplementary parameter d as above (5.1)
intersected with a small open ball centered at 0. After a biholomorphism tangent to the identity, we can assume that the defining functions h j (w,
, 1 ≤ j ≤ n ("normal coordinates", which kill pluriharmonic terms up to some order, see [Bo] , p. 109). After adding a quadratic term of the form C(v 2 1 + |w ′ | 2 + |x| 2 ) to k which dominates its hessian, that is, after bending quadratically M 1 in M + , after dropping higher order terms (which defines a new M 1 with M 1 \{0} ⊂ M + near 0) and finally, after a suitable dilatation of coordinates, we can (and we will) assume that
We will use these two properties about h and k in §6 below. Now, we can define the (crucial) one-parameter family of manifolds N a , one half N + a of which which we shall glue to M − along M 1 as explained in the introduction:
Here, the parameter a ∈ R n will run in a small neighborhood of the origin. Of course, each N a contains M 1 and is divided by it into two parts, N + for all small a ∈ R n . Now, if we denote by R ∋ u → [u] + ∈ R the Lipschitz function u → 0 if u ≤ 0, and u → u if x ≥ 1, we can define the family M a by:
It suffices now to remove the singularities in E\{0} ⊂ M − for functions which are holomorphic in the neighborhood ω := ω ∪ W + of a (M a \E). §6. Quadratic deformations of analytic discs
The purpose of this paragraph is to establish Proposition 1.2 of the introduction.
Remark 6.1. It is easy to produce examples of M , E with H 2m+n−2 (E) = 0, such that M and M \E are globally minimal and such that there exists a point 0 ∈ M at which M ∼ = C m × R n . In this case, it is clearly impossible to satisfy Proposition 1.2 without gluing a half-manifold, since every small disc passing through 0 is contained in C m × {0}. 
Proof of Proposition 1.2. If c is sufficiently small, our new reference disc
As announced in the introduction, we shall produce "quadratic" deformations of this disc A c by means of the deformations N a of N 0 . We simply consider the family of analytic discs: A c,a = (w c,a , z c,a ), a ∈ R n , where w c,a (ζ) = (c(1 − ζ), 0, . . . , 0) as above, where
for ζ ∈ b∆, and where x c,a is the solution of the corresponding Bishop equation:
Again, these discs are in fact attached to N + a ∪ M 1 , hence to M a , and they satisfy more precisely A c,a (b∆\{1}) ⊂ N + a . We shall write shortly u c and v c instead of u c;1 and v c;1 . Here, u c (ζ) = c(2
where E k is the vector (0, . . . , 1, . . . 0) with 1 at the k-th place and 0 elsewhere. Let us denote by Θ c (ζ) the C 3,β (in all variables) n × n matrix ∂h/∂x(w c (ζ),
We need some estimations.
Lemma 6.7. 1. There exists x ′ c ∈ C 3,β with ||x
Proof. By differentiating Bishop's equation, we observe that x c ∈ C 4,β satisfies
) and take into account 1 above, we can write this term as
where ρ c ∈ C 3,β (with respect to (c, ζ)), ρ c = O(c) and 
In fact, the operator of the Banach spaces
We deduce:
Lemma 6.16. For c > 0 small enough, the n vectors
are linearly independent and they span R n x . This completes the proof of Proposition 1.2. §7. Holomorphic extension and analytic isotopies
We shall now add the "normal-like" and the "translation-like" deformations to our family of analytic discs A c,a as in [MP1] (see pp. 836-837). For this, we consider them to be attached to M a , the gluing of M − with N + a . As the defining functions of M a are C 4,α with respect to (w,w, x, a), this family of discs will be C 4,β .
Proposition 7.1. There exists a C 4,β family of analytic discs A c,a,t,λ : are linearly independent at (c, a, t, λ, ζ) := (c 2 , 0, 0, 0, 1), for c 2 > 0 small enough.
Remark. This property says that up to higher order terms and in suitable linear real coordinates, the map (a, t, λ, δ) → A c,a,t,λ (δ) looks like (7.3) (δ + iλ 2 δ, . . . , λ 2m−2 δ + iλ 2m−1 δ, a 1 δ 2 + it 1 δ, . . . , a n δ 2 + it n δ).
Proof. By Proposition 2.6 in [MP1] (suitably modified to take into account the supplementary parameter a when constructing the deformations near A c,a (−1)), there exists such a family with the property that the 2m + n vectors
are linearly independent at (c, a, t, λ, ζ) = (c 2 , 0, 0, 0, 1), for c 2 > 0 small enough.
Remark.
To check that such deformations with respect to (t, λ) can be added to our first family A a,c following [MP1] , it suffices to define the family of manifolds to which we shall attach A c,a,t,λ . It is:
where the functions κ : R n → R n with κ ′ (0) = Id and µ : C m × R n → R, supported near A c,0 (−1), are chosen as in [MP1] , p. 837. Bishop's equation is highly flexible, so a smooth solution A c,a,t,λ exists. For a = 0, we indeed get (7.4), by [Tu1] , [MP1] . Now, we must check that the last two n vectors in (7.2) are linearly independent with those in (7.3). Let A c,a,t,λ (ζ) = (w c,a,t,λ (ζ), x c,a,t,λ (ζ) + iy c,a,t,λ (ζ)). Recall that [∂x c,a,t,λ /∂ξ](1) ≡ 0, since dh(0) = 0, whence [∂ 2 x c,0,0,0 /∂t j ∂ξ](1) = 0, 1 ≤ j ≤ n and [∂ 2 x c,0,0,0 /∂λ k ∂ξ](1) = 0, 1 ≤ k ≤ 2m − 1. From these relations, we deduce that the linear vector space spanned by the vectors in (7.4) coincides with C m w × R n y . Since the vectors in (6.17) span R n x , Proposition 7.1 is proved. Corollary 7.6. For all small fixed δ q < 1, δ q ∼ 1, a q ∼ 0, t q ∼ 0, λ q ∼ 0, the rank at (a q , t q , λ q , δ q ) of the map (a, t, λ, δ) → A c,a,t,λ (δ) equals 2m + 2n.
Proof. This follows directly from (7.2) or (7.3).
We are now prepared to achieve the proof of Theorem 1.1.
Proof of Theorem 1.1. Recall that we consider holomorphic functions in a neighborhood ω of a M a \E in C m+n . As already explained, to finish the proof of Theorem 1.1, it suffices to show that E ∩ M − is W-removable:
Proposition 7.7. The envelope of holomorphy of ω contains a half-wedge
Proof of Proposition 7.7. Fix c > 0 as in Proposition 7.1. We let a, t, λ vary in neighborhoods of their respective origins, say with |a| < ε 1 , |t| < ε 2 and |λ| < ε 3 , where the positive real numbers ε 1,2,3 > 0 will be chosen in a while. As in §4, we shall add a last translation parameter p = (w p , x p ) ∈ C m w × R n x running in a neighborhood of 0 in M to our family of discs in order to cover a wedge, with |p| < ε 4 , ε 4 > 0 (again, solving Bishop's equation, as in [MP1] , p. 837, but with eq. (7.5) instead). We get a family A c,a,t,λ,p of analytic discs with the property that for all fixed a, the set (7.8)
is a wedge of edge M a at 0, whose edge has approximate size a ball of radius ε 4 in M a and approximate height c ε 5 in R n y . Remark. We would like to point out that this edge M a varies when a varies, but that its half-edge part contained in M − does not vary: this is why at the end we will only obtain a small half-wedge W − of edge M − at 0.
Certain boundaries of discs A c,a,t,λ,p (b∆) intersect the singularity E in M . We denote by E W a the corresponding set in W a , precisely:
We shall establish in a while that O(ω) extends holomorphically to W 0 \E W 0 .
Heuristics. As pointed out in [MP4] , the Hausdorff content of E W 0 is at best H 2m+2n−1 (E W 0 ) = 0, hence E W 0 is too big to be automatically removable for holomorphic functions in W 0 \E W 0 . In [MP4] , we used the assumption f ∈ L 1 CR (M ) together with the foliated structure (by partial pieces of complex discs) of a similarly defined E W 0 to show that this set is in fact removable for holomorphic functions in ω ∪ (W 0 \E W 0 ) (we used also holomorphicity in ω). As pointed out in the introduction, we believe that such sets are removable in general but have no proof of it. Here, however, our E W 0 is foliated by real segments and simple counter-examples show that there is no result analogous to the Theorem 1.2 in [MP4] with a real foliation. But thanks to the supplementary parameter a, we shall be able to remove E W 0 using discs attached to another manifold M a \E for suitable a = 0 (see Lemma 7.13 below).
Proof. This will follow from the continuity principle as in [M2] , [MP1] p. 820, once we have checked two facts. Firstly, after restricting the range of the parameters defining W a in (7.8) to a suitable (n − 1)-dimensional C 4,β submanifold K ⊂ {(t, λ, p)} (which still covers a wedge, cf. the paragraph above (4.6)), we have that the map (t, λ, p, δ) → A c,a,t,λ,p (δ) is injective, which follows from the linear independence of the first 2m + n vectors in (7.4) and from the choice of K. Secondly, we claim that each disc A c,a,t,λ,p with A c,a,t,λ,p (b∆) ∩ E = ∅ is analytically isotopic to a point in ω. Indeed, as in the end of §4, we can add a last parameter d > 0 to our discs, taking as w-component w d,c (ζ) := (c − dζ, 0, . . . , 0) instead of (c(1 − ζ), 0, . . . , 0). This yields a family A d,c,a,t,λ,p of discs. Now, we can reason as in [MP4] , p. 8 (preprint version), to get the isotopies for each disc with A c,a,t,λ,p (b∆) ∩ E = ∅. Indeed, for fixed c, a, t, λ and p 0 , the union p ∩ E = ∅. With this property, we deduce easily that each disc A c,a,t,λ,p with A c,a,t,λ,p (b∆) ∩ E = ∅ is analytically isotopic to a point in ω.
Remark. For t = 0, a disc A c,a,t,λ,p is not completely attached to M a : a part of it, namely near A c,a,t,λ (−1), escapes from M a and goes in the neighborhood ω + (see (7.5) and [MP1] , p. 837). For short, we shall say that A c,a,t,λ,p is attached to M a ω + .
Lemma 7.11. For |a|, |a
Proof. Fix f ∈ O(ω) and denote by F a and F a ′ two holomorphic extensions of f into W a and W a ′ respectively as constructed above. After shrinking perharps W a and W a ′ along their ribs, we can assume that the intersection W a ∩W a ′ is connected and that this connectedness property holds uniformly as a, a ′ both vary with |a|, |a ′ | < ε 1 . As the complements of E W a and of E W a ′ in W a and in W a ′ are connected (for Hausdorff dimensional reasons), this implies that (W a \E W a ) ∩ (W a ′ \E W a ′ ) is connected too. As F a and F a ′ coincide near ω ∩ (M − \E), the principle of analytic continuation yields
Let us define (7.13)
(In the sequel, we shall in fact consider W − after shrinking by a half all ε j 's appearing in the definition of W 0 in order that W − a ⊃ W − 0 for all a with |a| < ε 1 .) Now, we choose ε 1,2,3,4 sufficiently small in order that the rank property (7.6) is satisfied at each point (c, a, t, λ, p, 1) with |a| < ε 1 , |t| < ε 2 , |λ| < ε 3 and |p| < ε 4 (recall c > 0 is fixed and the family is C 4,β with respect to all parameters). In particular, for all fixed small p 0 with |p 0 | < ε 4 , and δ 0 > 0, the rank at (a 0 , t 0 , λ 0 , δ 0 ) of the mapping (7.14)
Choose now an arbitrary point q = A c,0,t q ,λ q ,p q (δ q ) ∈ W − 0 ∩ E W 0 , with δ q < 1, δ q ∼ 1. Namely, we fix a reference point (a q , t q , λ q , p q , δ q ) = (0, t q , λ q , p q , δ q ) in the parameter space. At this point, we do not have a priori some holomorphic extension, because, by this choice, the boundary of this disc meets E: A c,0,t q ,λ q ,p q (b∆) ∩ E = ∅. Fortunately, we shall be able to prove the following. 
After this lemma is proved, we deduce that f ∈ O(ω) extends holomorphically at q. As W 0 \E W 0 is locally connected, and as the discs are analytically isotopic to a point, unique extension holds and this will complete the proof of Proposition 7.7.
Proof of Lemma 7.15. To begin with, we need some preliminaries. As before, c is fixed. For θ 0 > 0 close to 0, we consider the closed segment I := {e iθ : |θ| ≤ θ 0 }. Denote by F the codimension one foliation of the M a 's whose leaves are the (u 1 , w ′ , x)-affine (2m + n − 1)-dimensional planes in our coordinates. We choose θ 0 > 0 and ε 6 > 0 such that that for every discs A ′′ with ||A ′′ − A c,0,0,0,0 || C 4,β ≤ ε 6 , we have :
We next choose ε 1,2,3,4 > 0 such that ||A c,a,t,λ,p − A c,0,0,0,0 || C 4,β ≤ ε 6 if |a| < ε 1 , |t| < ε 2 , |λ| < ε 3 and |p| < ε 4 and we define the W a 's as in (7.8).
Let k ∈ N * and e iθ 1 , . . . , e iθ k ∈ I. We shall consider deformations of our discs A c,a,t,λ,p with (a, t, λ, p) close to (a q , t q , λ q , p q ) of the form
where the parameters r j = (u 1;j + i0, w ′ j , x j ) ∈ R 2m+n−1 , 1 ≤ j ≤ k, and where (6) A c,a,t,λ,p,0,... ,0 = A c,a,t,λ,p .
(7) A c,a,t,λ,p,r 1 ,... ,r j−1 ,r j (e iθ j ) = A c,a,t,λ,p,r 1 ,... ,r j−1 (e iθ j ) + r j .
(Here, "+" is understood with respect to coordinates (w, x) in M a .) Precisely, such families can be defined be induction as follows. Let T e iθ denote the Hilbert transform vanishing at e iθ . Suppose A c,a,t,λ,p,r 1 ,... ,r j−1 has been defined already. Denote this disc by B j−1 = (w j−1 (ζ), z j−1 (ζ)) for short. By induction, we shall have w j−1 (ζ) = w λ (ζ) + w j−1 + · · · + w 1 and we put w j (ζ) := w j−1 (ζ) + w j , where r j = (w j , x j ) = (u 1;j + i0, w ′ j , x j ) ∈ R 2m+n−1 is close to 0. Also, let us denote for short by y = h a,t (w, x) the equation of M a,t . Then by assumption y j−1 (ζ) = h a,t (w j−1 (ζ), x j−1 (ζ)), for ζ ∈ b∆. We then choose x j (ζ) to be the solution of (7.17)
(Recall (w j , x j ) ∈ R 2m+n−1 are constants with respect to ζ.) Clearly, B j (e iθ j ) = B j−1 (e iθ j ) + (u 1;j , w ′ j , x j ). In other words, we add successive "translations with center e iθ j " of our discs along the leaves of F . The definition of these discs depends upon the order of choice of the points e iθ j ∈ I, 1 ≤ j ≤ k.
To construct the disc A ′ of Lemma 7.15, we shall choose k large enough, equirepartitioned points e iθ j ∈ I and r 1 , . . . , r k close to 0, with the property that A ′ := A c,a,t,λ,p,r 1 ,... ,r k satisfies (1), (2) and (3). More precisely:
Lemma 7.18. There exist k ∈ N * , e iθ 1 , . . . , e iθ k ∈ I, r := (r 1 , . . . , r k ), r j ∈ R 2m+n−1 arbitrarily close to 0 and (a r , t r , λ r , δ r ) ∈ R 2m+2n arbitrarily close to (a q , t q , λ q , δ q ) such that (1') A c,a r ,t r ,λ r ,p,r (δ r ) = q. (2') A c,a r ,t r ,λ r ,p,r (b∆) ∩ E = ∅. (3') A c,a r ,t r ,λ r ,p,r is analytically isotopic to a point in ω.
Remark. The choice k = 1 is in general insufficient to get (2'), see the discussion after eq. (7.20).
Proof of Lemma 7.18. First, to explain the strategy, we choose k = 1, θ 1 = 0 and we construct A c,a,t,λ,p,r 1 as above. Here, A c,a q ,t q ,λ q ,p q (1) = p q . Now, as the rank of the C 4,β mapping (a, t, λ, δ) → A c,a,t,λ,p (δ) at (a q , t q , λ q , δ q ) equals 2m + 2n, the implicit function theorem provides a C 4,β map r 1 → (a(r 1 ), t(r 1 ), λ(r 1 ), δ(r 1 )) with (a(0), t(0), λ(0), δ(0)) = (a q , t q , λ q , δ q ) such that A c,a(r 1 ),t(r 1 ),λ(r 1 ),p q ,r 1 (δ r 1 ) ≡ q for all r 1 close to 0. This is (1') for k = 1. For short, we shall write (a r 1 , t r 1 , λ r 1 , δ r 1 ) instead of (a(r 1 ), t(r 1 ), λ(r 1 ), δ(r 1 )). Now, notice that F and A c,a q ,t q ,λ q ,p q (I) are transversal at p. Therefore, there exists η > 0 such that
A c,a r 1 ,t r 1 ,λ r 1 ,p q ,r 1 {e iθ : |θ| < η} makes a foliation of a small neighborhood of p q in M by one-dimensional curves. Because H 2m+n−2 (E) = 0, there exists r 1 arbitrarily close to 0 with (7.20) A c,a r 1 ,t r 1 ,λ r 1 ,p q ,r 1 {e iθ : |θ| < η} ∩ E = ∅.
Important remark. We would be satisfied if we could insure that the whole boundary does not intersect E, namely if A c,a r 1 ,t r 1 ,λ r 1 ,p q ,r 1 (I)∩E = ∅. Such a property would be insurable if the union r 1 A c,a r 1 ,t r 1 ,λ r 1 ,p q ,r 1 (I) would foliate a neighborhood of A c,a q ,t q ,λ q ,p q (I) in M . However, as δ q tends to 1 ∈ b∆, the derivative of the corresponding map r 1 → (a r 1 , t r 1 , λ r 1 , δ r 1 ) at r 1 = 0 tends to infinity: for the map r 1 → t r 1 , it tends to infinity like
and for the map r 1 → a r 1 , like
, as follows from Proposition 7.1 or (7.3). Of course, this can make a real obstruction to the choice of a disc A c,a r 1 ,t r 1 ,λ r 1 ,p q ,r 1 whose boundary avoids E, since it can possibly happen that a point, say A c,a r 1 ,t r 1 ,λ r 1 ,p,r 1 (e 2iη ), is a fixed point when r 1 varies and that it belongs to E (for instance, think of a rotating rule in the complex plane C centered at the point iδ, passing through a varying point r 1 ∈ R, r 1 ∼ 0, with angle t r 1 ∼ − π 2 + r 1 δ )). This is why the choice k = 1 can be insufficient to achieve a deformation of A c,a,t,λ,p whose boundary avoids E.
Therefore, we have to establish the existence of a uniform control of the positive number η appearing in (7.18).
Let now e iθ ∈ I be arbitrary. More generally, we can consider "translations" of the point A c,a,t,λ,p q (e iθ ) along the leaves of F (it is the particular case k = 1, θ k = θ ∈ I of the family (7.16)). Denote by A c,a,t,λ,p q ,r θ this family. Again, using Corollary 7.6 and applying the implicit function theorem, we get a C 4,β map r θ → (a r θ , t r θ , λ r θ , δ r θ ) with A c,a r θ ,t r θ ,λ r θ ,p q ,r θ (δ r θ ) ≡ q.
Clearly again, there exists η > 0 such that the set (7.21) r θ A c,a r θ ,t r θ ,λ r θ ,p q ,r θ {e iθ ′ : |θ ′ − θ| < η} makes a foliation in M by one-dimensional arcs. In fact, such a η can be chosen independent of θ, because, using Taylor's formula for the control by first order terms, one can see that a suitable η depends only on the second order jet of A c,a,t,λ,p,r θ (δ) at (a q , t q , λ q , p q , δ q ) as θ varies in the compact set I and on the (clearly uniform) transversality of A c,a q ,t q ,λ q ,p q (I) with respect to the foliation F . Furthermore, after perharps replacing in advance η by 2η, this uniform foliation property (with "extent" η) will remain stable under small C 4,β (even C 1 ) perturbations of the disc A c,a r θ ,t r θ ,λ r θ ,p q ,r θ with fixed θ. Now, we cover I by a finite number of points e iθ 1 , e iθ 2 , . . . , e iθ k−1 , e iθ k with e iθ 1 = e −iθ 0 , e iθ k = e iθ 0 and |θ j−1 − θ j | ≤ η 2 . We construct the discs (7.16). Let ε > 0 be arbitrary. For k = 1, as above we choose A c,a r 1 ,t r 1 ,λ r 1 ,p q ,r 1 with |r 1 | ≤ ε k and (7.22) ||A c,a r 1 ,t r 1 ,λ r 1 ,p q ,r 1 − A c,a q ,t q ,λ q ,p q || C 4,β ≤ ε/k A c,a r 1 ,t r 1 ,λ r 1 ,p q ,r 1 ({e iθ : |θ − θ 1 | ≤ η}) ∩ E = ∅.
Next, using again H 2m+n−2 (E) = 0 and the rank property (7.2), we can choose r 2 arbitrarily small with |r 2 | ≤ ε k and (7.23) ||A c,a r 1 ,r 2 ,t r 1 ,r 2 ,λ r 1 ,r 2 ,p q ,r 1 ,r 2 − A c,a r 1 ,t r 1 ,λ r 1 ,p q || C 4,β ≤ ε/k A c,a r 1 ,r 2 ,t r 1 ,r 2 ,λ r 1 ,r 2 ,p q ,r 1 ,r 2 ({e iθ : |θ − θ 2 | ≤ η}) ∩ E = ∅ As we can choose r 2 arbitrarily small, we can also insure that (7.24) A c,a r 1 ,r 2 ,t r 1 ,r 2 ,λ r 1 ,r 2 ,p q ,r 1 ,r 2 ({e iθ : |θ − θ 1 | ≤ η}) ∩ E = ∅.
By induction, we obtain the disc satisfying properties (1') and (2') of Lemma 7.18.
It remains to show that the disc A c,a r ,t r ,λ r ,p q ,r is analytically isotopic to a point in ω. For this, we can reason as in [MP4] , p 8 (preprint version). For short, let us write λ instead of λ r (because r is now fixed). By construction, the w-component of this disc is of the form (7.25) (ce iλ 1 (1 − ζ), (λ 2 + iλ 3 )(ζ − 1), . . . , (λ 2m−2 + iλ 2m )(ζ − 1)) + C r , where C r is a very small (in comparison with c) constant depending on r. In the Bishop equation with this w-component, we can replace it by the component (7.26) (e iλ 1 (c − dζ), (λ 2 + iλ 3 )(dζ − 1), . . . , (λ 2m−2 + iλ 2m )(dζ − 1)) + C r , where 0 ≤ d ≤ 1. Denote by A d,c,a r ,t r ,λ r ,p q ,r the corresponding analytic disc. As p varies in a small neighborhood of p q , the union (7.27) 0≤d≤1 p∼p q
